Abstract-Orthogonal frequency-division multiplexing (OFDM) has gained a great deal of attention lately and is considered as a strong candidate for many next-generation wireless communication systems. However, OFDM (in its current implementation) does not demonstrate robustness to narrowband interference. In our earlier work, we showed how carrier interferometry (CI) spreading codes may be applied to spread OFDM symbols over all N subcarriers-this allows OFDM to exploit frequency diversity and improve performance (without loss in throughput). In this paper, we show that, by spreading OFDM symbols over all N subcarriers via CI spreading codes, the resulting carrier interferometry OFDM (CI/OFDM) system is also capable of suppressing narrowband interference. Simulation results for OFDM, coded OFDM (COFDM), CI/OFDM, and coded CI/OFDM over additive white Gaussian noise and multipath fading channels confirm CI/OFDM's robustness to narrowband interference.
of an OFDM system degrades rapidly in the presence of narrowband interference. In ADSL, adaptive data loading is employed to combat narrowband interference [6] . However, this method requires reliable real-time channel feedback from receiver to transmitter, which is difficult to obtain in wireless systems. Coded OFDM (COFDM) (e.g., [2] , [3] ) can also be used to account for this problem; however, this solution can significantly reduce the throughput of OFDM systems.
In our earlier work [7] [8] [9] , we proposed a novel OFDM architecture capable of exploiting frequency diversity to improve BER performance (without any throughput loss). The novel OFDM system, referred to as carrier interferometry OFDM (CI/OFDM), spreads each of the N low-rate symbol streams across all N subcarriers using orthogonal CI spreading codes. A performance analysis of the proposed CI/OFDM system shows that, at a BER of 10 −3 , CI/OFDM gains approximately 10 dB relative to OFDM for binary phase-shift keying (BPSK) modulation [7] , [8] (and 5 dB gains are observed for the 64-quadraticamplitude modulation constellation [9] ).
The CI spreading codes provide unique benefits when compared to other orthogonal spreading code selections. For example, CI codes enable excellent (very low) peak to average power ratios, allowing the resulting CI/OFDM system to overcome one of the major drawbacks in current OFDM systems [7] . Furthermore, CI codes may be designed for any length N (N ∈ I), while other orthogonal spreading codes limit the code length selection [10] , e.g., Hadamard-Walsh codes can only be designed at length N = 4n, n ∈ I. That is, CI ensures flexibility in system design.
In this paper, we extend the proposed CI/OFDM architecture of [7] [8] [9] and demonstrate its ability to suppress narrowband interference. For example, the authors derive a novel CI/OFDM receiver employing minimized mean square error combining (MMSEC) [for both additive white Gaussian noise (AWGN) and fading channels], optimized to account for the presence of narrowband interference. The authors then show that CI/OFDM's spreading of each low-rate symbol stream, coupled with the optimized receiver, is able to counter the impact of narrowband interferers. That is, the CI/OFDM system developed in this work is very robust to narrowband interference. Performance analysis and simulation results performed over AWGN channels and frequency-selective fading channels confirm the anti-interference capability of CI/OFDM. Specifically, emulations demonstrate the superiority of CI/OFDM relative to OFDM and the superiority of coded CI/OFDM relative to COFDM in the presence of a wide variety of narrowband jamming. Section II introduces the CI/OFDM transmitter. Section III presents the CI/OFDM receiver structure and its MMSE combining schemes, optimized in the presence of narrowband interference. Section IV introduces channel coding to the proposed CI/OFDM system. Section V presents a theoretical performance analysis and performance comparison of OFDM and the proposed CI/OFDM systems. Section VI provides corresponding emulated performance results over AWGN and frequencyselective fading channels, demonstrating the significant antiinterference capability of CI/OFDM. Fig. 1 illustrates both the traditional OFDM transmitter [ Fig. 1(a) ] and the novel CI/OFDM transmitter [ Fig. 1(b) and (c)]. In both OFDM and CI/OFDM, the input data stream is first serial-to-parallel converted. In CI/OFDM, each information symbol is then modulated onto all of the N carriers [ Fig. 1(c) ]. To ensure the separability of information symbols at the receiver side, the transmitter applies a unique orthogonal spreading code to each information symbol where spreading is applied in the frequency domain, i.e., across carriers [ Fig. 1(c) ]. Specifically, orthogonal CI codes, first proposed for multicarrier-code division multiple access systems [11] , [12] , are applied, as they ensure the orthogonality among all transmitted information symbols. These spreading codes correspond to the application of (to the kth symbol) [7] [8] [9] 
II. CI/OFDM TRANSMITTER STRUCTURES
where: 1) ∆f is the carrier separation (∆f = 1/T s to ensure carrier orthogonality); 2) g(t) is a rectangular pulse shape of duration T s (where T s is OFDM symbol length); and 3) {β
. . , N − 1} refers to the kth symbol's spreading sequence characterized by
It is important to note that CI spreading codes defined in (1) and (2) are orthogonal spreading codes, i.e., Note that in Fig. 1 , the transmitter is only illustrated conceptually; in practice, the CI/OFDM transmitter (and receiver) can be implemented by the use of a length N inverse fast Fourier transform [and fast Fourier transform (FFT)]. The transmitted signal for the kth symbol in CI/OFDM system can be expressed as
In (5), A is a constant that ensures symbol energy of unity, s (k) is the kth information symbol, and f c is the carrier frequency. For ease in presentation, we assume BPSK modulation in this presentation, i.e., s (k) ∈ {+1, −1}. The total transmitted signal for the entire CI/OFDM symbol (considering all N transmit symbols) corresponds to
. (6) III. CI/OFDM RECEIVER STRUCTURE AND MMSE COMBINING After transmission over a frequency-selective fading channel, and assuming the presence of a narrowband interference, the received CI/OFDM signal corresponds to
where: 1) α i and φ i are the fading gain and phase offset, respectively, introduced into the ith carrier by the frequency-selective Rayleigh fading channel; and 2) n(t) is AWGN. Also in (7), I(t) represents a narrowband interference. We assume that: 1) I(t) interferes with M (M N ) subcarriers, namely subcarriers (m, m + 1, . . . , m + M − 1) in the CI/OFDM transmission (see Fig. 2 ) and 2) I(t) can be characterized statistically using a Gaussian random process.
The receiver structure for the kth symbol in CI/OFDM is illustrated conceptually in Fig. 3 . Here, the received signal is decomposed into its N carrier components and recombined to minimize the interference from: 1) other symbols [intersymbol interference (ISI)]; 2) the narrowband jammer; and 3) the noise. A hard decision device follows to create the symbol estimateŝ (k) . In practice, the frequency decomposition is better implemented (i.e., implemented at a reduced cost) by application of a single FFT. In what follows, we detail the receiver operation.
Referring to Fig. 3 , frequency decomposition and despreading by symbol k's spreading sequence leads to N decision statistics for the kth symbol
where r
is defined at the bottom of the page. In presenting (9), we consider only the real component of the term r
, −1} is contained entirely in the real component. Furthermore, in (9), whenever i ∈ {m, m + 1, . . . , m + M − 1} (i.e., when the ith carrier is degraded by the narrowband interference), the decision variable includes four terms: the first term represents the desired signal on the ith carrier, the second term represents ISI from the remaining N − 1 symbols, the third term (a zero-mean Gaussian random variable with variance σ 2 I ) represents the contribution of narrowband interference, and the fourth term (a zero-mean Gaussian random variable with variance N 0 /2) represents the contribution of additive Gaussian noise.
A carefully designed cross-carrier combiner is employed next to: 1) counter the impact of narrowband interference I i ; and 2) counteract the presence of both the ISI and the noise. The general form of the combiner is
We propose the design of weights W i based on MMSEC to exploit the frequency diversity available in a frequencyselective fading channel and jointly minimize: 1) narrowband interference I i ; 2) ISI; and 3) additive noise.
It is easy to show that the ith combining weight, derived via the MMSE criteria, corresponds to
where
It is important to note that, when the narrowband interference has very high power (e.g., 10 dB higher than the signal power), i.e., σ
, the combining weights in (11) are very well approximated by
, otherwise.
In other words, in the presence of a very-high-power narrowband jammer, the CI/OFDM receiver simply ignores those subcarriers impacted by narrowband interference: It only combines uncorrupted carriers. The combining of (13) is also an excellent approximation whenever: 1) an estimate of the narrowband interference power σ 2 I is not available; or 2) the presence of narrowband interference leads to an inaccurate estimate of fading gain (α i s). In Sections V and VI, we demonstrate the proposed CI/OFDM system's robustness to the narrowband interference.
IV. CHANNEL-CODED CI/OFDM IN THE PRESENCE OF NARROWBAND INTERFERENCE
In traditional OFDM systems, channel coding is widely employed to improve BERs (see, e.g., the IEEE 802.11a standard of [3] ). Channel coding enables both: 1) the usual channel coding gain and 2) a limited frequency diversity benefit. As a direct result of the frequency diversity benefit of channel coding, COFDM will demonstrate a limited degree of robustness to narrowband interference. For the purpose of fair and thorough comparison, we will compare coded CI/OFDM and COFDM systems in this work. In this section, we explain the introduction of channel coding to the proposed CI/OFDM system. Fig. 4 provides a block diagram illustration of the transmitter for the COFDM and CI-coded OFDM (CI/COFDM) systems. In both systems, a rate 1/2 (133, 171) convolutional code with constraint length 7 is employed (IEEE 802.11a standard). Referring to Fig. 4 , in COFDM, a frequency domain interleaver is then employed to distribute the coded information bits to nonadjacent subcarriers: This enables the COFDM system to exploit a limited degree of frequency diversity. The interleaver is not required in a CI/COFDM system because information bits are already spread over all carriers. As a direct result, COFDM implements an interleaver (and deinterleaver) at a computational cost very close to that of the CI transform. In other words, the complexity of the proposed CI/COFDM system is effectively the same as that of COFDM. The receiver structure for the proposed CI/COFDM system is identical to that in Fig. 3 , with one exception: The hard decision device of Fig. 3 is replaced by a Viterbi algorithm. For ease in analysis and simulation, we assume a hard decision Viterbi decoder for both the COFDM and CI/COFDM systems.
V. PERFORMANCE ANALYSIS
In this section, we provide an analytical comparison of the performance of OFDM and CI/OFDM in the presence of narrowband jamming.
A. Performance of OFDM and CI/OFDM With Narrowband Interference in AWGN
We begin with a derivation of the probability of error assuming OFDM or CI/OFDM transmission over an AWGN channel with a narrowband interference over subcarriers (m, m + 1, . . . , m + M − 1). In OFDM systems, the decision variable for the ith symbol (bit) is easily shown to correspond to
where A = √ E b . The probability of error for OFDM in the presence of narrowband interference in an AWGN channel therefore corresponds to
In (15), the first term represents the contribution from carriers that do not experience interference and the second term represents the contribution of "interfered carriers." It is evident that the average BER is dominated by the latter term. It is important to note that when the power of narrowband interference is very high, (15) converges to
In CI/OFDM, where all information bits are spread over all subcarriers, the effect of narrowband interference is uniformly distributed across all information bits. We begin to derive the probability of error term by presenting the decision statistic entering the hard decision device R (k) (see Fig. 3 ). The decision variable R (k) , assuming equal gain combining (EGC) at the combiner (an optimal selection in AWGN channel), corresponds to
. In (17), the first term is the desired signal, the second term represents the contribution of narrowband interference and the third term represents the AWGN. From (17), it is evident that the effect of narrowband interference is shared equally among information bits: Specifically, referring to the second term (the narrowband interference term) in (17), there is no symbol index k, i.e., the amount of narrowband interference is not a function of symbol number. The signalto-interference-plus-noise-ratio (SINR) for CI/OFDM can be derived from (17)
Thus, the probability of error for CI/OFDM corresponds to
In the special case of a very-high-power narrowband interferer, the subcarriers (m, m + 1, . . . , m + M − 1) may be discarded by the combiner. As a direct result, the orthogonality across information bits is lost, and the final decision variable (for the kth bit) corresponds to
In (20), the first term represents the desired signal, the second term represents the ISI due to loss of orthogonality and the third term represents the contribution of AWGN. Note that: 1) the power of desired signal is reduced due to the loss of "interfered carriers"; and 2) ρ l,k is the partial cross correlation between user l and user k over elements (m, m + 1, . . . , m + M − 1). Thus, the SINR for (20) corresponds to
and the corresponding probability of error is
From (22), it is clear that when the signal-to-noise ratio (SNR) increases, the ISI will dominate the denominator. Thus, an error floor will be observed and characterized by
This is the direct result of the loss of orthogonality. However, this error floor corresponds to a much lower P (e) than that of OFDM (16).
B. Performance of OFDM and CI/OFDM With Narrowband Interference in Flat Fading
In a flat fading channel, all subcarriers experience an identical fade. Thus, in OFDM, the decision variable for the ith symbol corresponds to
(24) It is well known that the corresponding probability of error for the ith symbol (assuming α is Rayleigh distributed) is
whereγ i is the average SNR for the ith symbol, defined as
where σ 
In (27), the first term represents the contribution of carriers without interference and the second term represents the contribution from "interfered carriers." It is obvious that the BER is dominated by the second term. When the power of narrowband interference is very high, (27) is very well approximated by
Turning now to CI/OFDM, we begin our performance analysis by considering the input to the hard decision device R (k) (see Fig. 3 )
In presenting (29), we have again assumed EGC at the combiner of Fig. 3 , an optimal selection for flat fading channel. From (29), the average SNR corresponds tō
and the corresponding BER is then
When the power of narrowband interference is high enough that we can discard the "interfered carriers," the final decision variable (for the kth bit) corresponds to
Here, the BER for CI/OFDM in flat fading channel corresponds to
whereγ is the average SINR for CI/OFDM, defined as
Similar to the AWGN scenario, the loss of orthogonality among transmit symbols (due to carrier loss) leads to an error floor. Specifically, assuming large E b /N 0 values in (33) and (34), the error floor is easily shown to correspond to
From (35), it is obvious that when N M , i.e., only a small number of subcarriers are corrupted by narrowband interference, the error floor is very low. When compared to OFDM's error floor in (28), CI/OFDM demonstrates an excellent tolerance to narrowband interference. For example, when N = 32, M = 16, i.e., half of the subcarriers are corrupted, the error floor is 0.0149 for CI/OFDM and 0.25 for OFDM.
C. Performance of OFDM and CI/OFDM With Narrowband Interference in Frequency-Selective Fading
Because OFDM does not benefit from frequency diversity, the BER of OFDM in frequency-selective fading is identical to its performance in flat fading (presented in Section V-B).
In CI/OFDM, the spreading over all subcarriers enables a frequency diversity gain. We begin our performance analysis, yet again, with the final decision variable R (k) (see Fig. 3 )
Using (9), we rewrite (36)
In (37), the first term represents the desired signal, the second term represents the ISI, the third term represents the narrowband interference (NBI), and the fourth term represents the AWGN.
From (37), the power of desired signal corresponds to
The power of ISI corresponds to
The power of narrowband interference corresponds to and the power of noise is
The instantaneous SINR is thus
The expression for probability of error as a function of SINR corresponds to
and the average P (e) is the integration over the probability density function of SINR, i.e.,
Equation (44) can be determined (calculated) via numerical methods that are easily implemented in MATLAB code (see Section VI).
VI. CHANNEL MODEL AND SIMULATION RESULTS
In this section, we test the performance of the CI/OFDM system (proposed in Sections II and III) and the CI/COFDM system (proposed in Section IV) in the presence of narrowband interference. We compare these performance results with those of traditional OFDM and COFDM in the presence of an identical interferer. Here, simulations are performed over: 1) an AWGN channel; and 2) a frequency-selective Rayleigh fading channel. Both CI/OFDM and OFDM systems employ N = 32 carriers to transmit 32 data-bearing symbols.
To model realistic wireless environments, the Rayleigh fading channel employed in our simulation demonstrates frequency selectivity over the entire bandwidth BW but flat fading over each of the N carriers. Specifically, we assumed a channel model with coherence bandwidth (∆f ) c characterized by
As a result, the α i 's in the 32 carriers are correlated according to
where ρ i,j denotes the correlation between the ith carrier and the jth carrier, and (f i − f j ) is the frequency separation between these two carriers. Generation of correlated fades, for purposes of simulation, has been discussed in [13] .
Figs. 5 and 6 illustrate the simulation results in an AWGN channel. Specifically, Fig. 5 illustrates the BER versus SNR results for OFDM in the presence of narrowband interference and Fig. 6 plots the same axis for CI/OFDM. In both figures , four cases are considered: 1) no narrowband interference is present; 2) the narrowband interference corrupts only one subcarrier; 3) the narrowband interference corrupts two subcarriers; and 4) the narrowband interference corrupts four subcarriers. The narrowband interference is assumed to have much higher power than the transmit OFDM and CI/OFDM signal in the same band, i.e., subcarriers experiencing narrowband interference are completely lost and the combiner of (13) is employed. It is evident from these figures that: 1) OFDM suffers dramatic performance degradation due to narrowband interference, as a high error floor is observed whenever narrowband interference is present; and 2) CI/OFDM offers a graceful performance degradation in the presence of narrowband interference and no error floor is observed for P (e) above 10 −3 . This is the direct consequence of CI/OFDM's inherent spreading of information over the entire bandwidth. In OFDM systems, whenever one or more carriers experience a high-power narrowband interference, the information on those carriers is lost, creating the high BER floor of Fig. 5 . In CI/OFDM systems, however, there is no information on only corrupted carriers-instead, each information symbol is spread over all N carriers (by employing CI spreading codes). Thus, CI/OFDM systems tolerate narrowband interference, demonstrating the graceful degradations we observe of Fig. 6 .
Figs. 7 and 8 illustrate the simulation results in a frequencyselective fading channel. Specifically, Fig. 7 illustrates the BER versus SNR results for OFDM in the presence of narrowband interference, and Fig. 8 plots the same axis for CI/OFDM. From Figs. 7 and 8, it is clear that: 1) CI/OFDM significantly outperforms OFDM by exploiting frequency diversity (in CI/OFDM, a BER = 10 −3 is observed at 15 dB, whereas OFDM requires 24 dB); 2) the performance of OFDM degrades dramatically whenever narrowband interference is present; and 3) CI/OFDM offers a graceful performance degradation in a narrowband-interference channel. Figs. 7 and 8 illustrate CI/OFDM's extremely large performance gain relative to OFDM in the presence of narrowband interference. These results confirm CI/OFDM's capability in terms of suppressing narrowband interference.
Figs. 9 and 10 compare the simulation results to the theoretical curves generated from the analysis of Section V. Specifically, Fig. 9 compares simulation to theory in AWGN channels and Fig. 10 illustrates the comparison in the presence of frequency-selective fades. In both figures, we assume: Figs. 11 and 12 present simulation results for CI/OFDM and OFDM in terms of BER versus power of narrowband interference. Specifically, in Figs. 11 and 12 , we assume that four subcarriers experience narrowband interference and the power of the narrowband interference (relative to noise power) is plotted on the x-axis. In Fig. 11 , the y-axis plots the resulting BER assuming an AWGN channel (and SNR = 10 dB) and in Fig. 12 the y-axis plots BER assuming a frequency-selective fading channel (and SNR = 15 dB). It is evident from these figures that: 1) CI/OFDM experiences a much more graceful performance degradation relative to OFDM as narrowband interference power increases; and 2) when the power of narrowband interference increases to very high levels, both the BER performance of CI/OFDM and OFDM systems converge to an upper bound, where the upper bound is far lower (better) for CI/OFDM relative to OFDM. [The convergence to a upper bound also justifies our approximation of MMSE combining for CI/OFDM in the presence of high-power narrowband interference (13) ].
Figs. 13 and 14 illustrate simulation results of BER versus the number of carriers experiencing narrowband interference. Fig. 13 shows the simulation results in an AWGN channel at SNR = 8 dB and Fig. 14 shows the results in a frequencyselective fading channel at SNR = 15 dB. In both figures, the power of narrowband interference is assumed very high, and all carriers experiencing interference are discarded in the combining (in CI/OFDM). It is obvious from these figures that the performance of CI/OFDM degrades much more gracefully than that of OFDM. Specifically, in the frequency-selective fading channel, even with 16 carriers lost due to "narrowband" jamming (half of the total number of carriers), CI/OFDM still provides acceptable performance, showing excellent tolerance to "narrowband" interference. This is a direct result of the frequency domain spreading in CI/OFDM.
Figs. 15-18 present the simulation results for COFDM and coded CI/OFDM in the presence of narrowband interference. Fig. 15 shows COFDM performance in an AWGN channel, Fig. 16 demonstrates CI/COFDM performance in an AWGN channel, and Figs. 17 and 18 show analogous results in the presence of frequency-selective fading. A rate 1/2, constraint length 7 convolutional code with hard decision Viterbi decoding is used for both COFDM and CI/COFDM systems (as presented in Section IV). Frequency interleaving is introduced in OFDM to better exploit frequency diversity (see Fig. 4 ). It is evident, by comparing Figs. 15 and 16 and comparing Figs. 17 and 18, that CI/COFDM demonstrates a much better performance and a much more graceful performance degradation in the presence of narrowband interference. For example, in COFDM, when the narrowband interference causes a loss of eight carriers (in AWGN or frequency-selective fading channels), the performance of COFDM is entirely unacceptable (with error floors above 10 −1 ) (a direct result of the raw BER before channel decoding residing at a level beyond the error correction capability). On the other hand, CI/COFDM in the presence of narrowband interference experiences a smooth and graceful performance degradation (as more and more carriers are lost to the interference), a direct result of the spreading that leads to equally distributed error occurrences. The performance of CI/COFDM degrades much more gracefully than that of COFDM, as seen in Figs. 15-18 , and this can be explained in detail as follows. It is well known that a uniform distribution of errors enables channel coding to achieve optimal performance gains. In COFDM, assuming a frequencyselective fading channel and/or the presence of narrowband interference, the occurrence of errors is not equally distributed over all data bits: Data bits transmitted over subcarriers experiencing deep fades or high narrowband interference are more likely to be in error. As a direct result, the channel coding gain is not fully exploited in COFDM. On the other hand, CI/COFDM spreads all information bits uniformly over all subcarriers, ensuring that bit errors are equally likely, even in the presence of frequency-selective fading and/or narrowband interference. This enables a full channel coding gain in CI/ COFDM and, hence, a much better BER performance (relative to COFDM).
VII. CONCLUSION
In this paper, we present CI/OFDM as a powerful technology with important application to channels experiencing narrowband interference. By spreading all information symbols over all N subcarriers with CI spreading codes, CI/OFDM not only exploits frequency diversity (improving BER performance), but also suppresses narrowband interference. Simulation results of uncoded and channel-coded OFDM and CI/OFDM systems over AWGN and frequency-selective fading channels confirm that CI/OFDM offers a much more graceful performance degradation whenever narrowband interference is present. This is a direct consequence of CI/OFDM's inherent spreading of information over the entire bandwidth.
